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Abstract 

A spherically symmetric monopole solution is found in 50(5) gauge theory with 
Higgs scalar fields in the vector representation in six-dimensional Minkowski spacetime. 
The action of the Yang- Mills fields is quartic in field strengths. The solution saturates 
the Bogomolny bound and is stable. 



Long time ago Dirac showed that quantum mechanics admits a magnetic monopole of 
quantized magnetic charge despite the presence of a singular Dirac string. jU I2] A quantized 
Dirac string is unphysical entity in the sense that it yields no physical, observable effect. 
Much later 't Hooft and Polyakov showed that such magnetic monopoles emerge as regu- 
lar configurations in 5*0(3) gauge theory with spontaneous symmetry breaking triggered by 
triplet Higgs scalar fields. ^-jH] 't Hooft-Polyakov monopoles emerge in grand unified theory 
of electromagnetic, weak, and strong interactions as well. Although a monopole has not 
been found experimentally as a single particle, the existence of such objects has far reaching 
consequences. In the early universe, monopoles might have beed copiously produced, sig- 
nificantly affecting the history of the universe since then. In strong intercations, monopole 
configurations are believed vital for color and quark confinement. 

In the superstring theory all matter and interactions including gravity are truely unified 
in ten spacetime dimensions. Six extra dimensions may be compactified in a small size, or the 
observed four-dimensional spacetime can be a brane immersed in ten dimensional spacetime. 
It is important in this scenario to explore solitonic objects in higher dimensional spacetime, 
which may play an important role in compactfying extra dimensions, or in producing and 
stabilizing brane structures. Recent extensive study of domain walls in supersymmetric 
theories, for instance, may have a direct link to the brane world scenario. In this paper 
we explore and establish solitons with finite energies in higher dimensional spacetime. 

The energy of 't Hooft-Polyakov monopoles is bound from below by a topological charge. 
Monopole solutions saturate such bound, thereby the stability of the solutions being guar- 
anteed by topology. [H] This observation prompts a question if there can be a monopole 
solution in higher dimensions. Kalb and Ramond introduced Abelian tensor gauge fields 
coupled to closed strings. [H] Nepomechie showed that a new type of monopole solutions 
appear in those Kalb- Ramond antisymmetric tensor gauge fields. Their implications to 
the confinement and to ten-dimensional Weyl invariant spacetime has been explored. 
Topological defects in six dimensional Minkowski space-time as generalization of Dirac's 
monopoles were also found. ^3] Tchrakian has investigated monopoles in non- Abelian gauge 
theory in higher dimensions whose action involves polynomials of field strengths of high 
degrees. |14t Further, it has been known that magnetic monopoles appear in the matrix 
model in the gauge connections describing Berry's phases on fermi states. In particular, in 
the USp matrix model they are described by S'f/(2)-valued anti-self-dual connections. 16] 

The purpose of this paper is to present regular monopole configurations with saturated 
Bogomolny bound in SO (5) gauge theory in six dimensions. Although the existence of 



2 



such solutions has been suspected by Tchrakian for a long time, the explicit construction of 
solutions has not been given. We stress that the monopole solution presented below is the 
first example of a soliton in non-Abelian gauge theory in higher dimensions which is regular 
everywhere and has a finte energy. 

Let us recall that in 't Hooft-Polyakov monopoles in four dimensions, both 5*0(3) gauge 
fields and scalar fields are in the vector representation. In three space dimensions the Bo- 
gomolny equations for those fields match both in space indices and internal S0{3) indices. 
This correspondence seemingly becomes obscure when space dimensions are greater than 
three. A key to find correct Bogomolny equations is facilitated with the use of the Dirac or 
Clifford algebra. 

Consider 5*0(5) gauge theory in six dimensions. Gauge fields = —A^^ are in the 
adjoint representation, whereas scalar fields are in the vector representation (a, 6 = 1 ~ 5). 
To interrelate these two, we introduce a basis {7^} of the Clifford algebra; {7a,7fe} = 2(5^6 
(a, 6 = 1 ~ 5). We write = 0"7a and A = l/2Af'^abdx^' where -fab = 1/2 [7a, 7f,]. The field 
strength 2-form is given hj F = F{A) = dA + gA^ where g is the gauge coupling constant. 
Similarly, a covariant derivative 1-form of (j) is given by -0^0 = d(j) + g[A, cj)]. Under a gauge 
transformation, A ^ VlAVL'^ + {I / g)VLdVL-'^ , F -> VlFVL'^, and VlDacI)^'^, where 

Vt = exp{eab(x)7"''} 

The action is given by 

11 A 

TrF^ * - -Tr Da(/) * Da(P - 7T(0>a - H^fd'^x 



8-4! g ^-r ^-r ^, 

1 „ ,„o. ,„o.„.,„. 1 



'd'x {-^Tr {F'),,,,iF'r''^ - -D.^D^a + A(0>. - Hlf^ . (1) 
Here the components of = |{F^i/, Fp„}dx^ A dx^ A dx^ A dx"^ are given by 



rpe ( 1 abcde f rpab rpcd , rpab rpcd , rpab rpcd\ 

pvpa\ ) 2 ^1 y pu pa ' pp au ' pa up J 

C ( A] — ]_ ( pabpab I pabpab , pab pab\ /r,N 
^pi/pa\^) — yj- ^u-l- pa ' pp-^ ai/ ' pa-^ up J ' l^J 

SO that in the action ^Tr (F^) pupa (F^) = T^^^p^T^^P" + AS^^p^S^^'P'' . The action of this 
type has been considered in ref. |14^. The relations in Q are special to 5*0(5) gauge theory. 
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The action is quartic in F^,^, but is quadratic in Fok- The Hamiltonian is positive semi- 
definite and is bounded from below by a topological charge. To see it, first notice that 

rpe fp'^^ A/T'^^'^ A/T'^^'^ abcde j cd 

-'-Ojkl — ^ Oi ^^^i,jkl 1 ^^^ijkl — 2 . 4! ' 

Q 17"^^ AT'^^ AT'^^ T 

•JOjkl — ^Oi ^^i,jkl 1 ^^i,jkl — ^1 ^i,jkl ) 

^'!jkl = ^ijFki + ^ikF^ + 5iiF^^ . (3) 
The canonical conjugate momentum fields are given by 

— ^V^-'-i,jkl^^-'-m,jkl "T ^^i,jkl-^^m,jkU-^Om 

_ TTab,cd-pcd ( a\ 

f/ is a symmetric, positive-definite matrix. To confirm the positivity of the Hamiltonian, we 
take the Aq = gauge in which FqJ' = Af' . It immediately follows that 

E = I rf^x [^nfz-^n + ^,{{Tt,k^^ + {s.,kif) + H^] > (5) 

where H,^ is the scalar field part of the Hamiltonian density. 

In the = gauge the energy becomes lowest for static configurations Af' = 0^ = 0. 
It is given by 



As DaF = and therefore TrZ)^(/)F^ = (i(Tr(/)F^), Q can be expressed as a surface integral 

2 

2 = ±T7r^ / Tr0F2 , (7) 

where 5*^ is a space infinity of i?^. 

Q is a charge / (^x of a 6-dimensional current A;^ defined by A; = k^dx'^ = ± * 
(5'^/167r^/fo)TrDA0-^^5 which is conserved, c? * A; = 0. Q can also be viewed as a topo- 
logical charge associated with Abelian Kalb-Ramond 3-form gauge fields whose 4-form field 
strength Q is given by J3] 

g = Tr{0F2 + ^0(Z}^0fF + ^0(D^0r} 



Here = 0/|0|, |0| = y/^p^ and = dcj) + g[A, 0]. 



It is the salient feature of Q given in (jH)) that it can be written as 




C does not have a singularity of the Dirac string type where |0| 7^ 0. Q and C are the 
't Hooft 4-form field strengths and the corresponding Kalb-Ramond 3-form fields in six 
dimensions, respectively. The expression ® is valid in the entire six-dimensional spacetime. 
We remark that the Kalb-Ramond 3-form fields C in (jH)) is almost the same as those in 
ref. ^3] where A is replaced by the asymptotic one which is valid only at r ^ 00 (on 
S"*^). We also note that for configurations with = 7^, only gauge fields in the unbroken 



SO{A), A = ^Eib=i^l!'labdxf', contribute in © and ©• Indeed, TT^^{dAA + AdA) = 
Ti-f\dAA + AdA) and Tr [^A^ + |(M)^] = |Tr {0, A}^ = |Tr {0, A}\ 

As -Dyi0 = on 5^ at space infinity for any configuration with a finite energy, Q coinsides 
with Tr0F^ on S*^. Hence 



In the second equality we used the fact that C is regular in S"^ as |0| ~ i^o- The quantity 
appearing in the last equality in (fTUI) is the winding number. The charge Q is thus regarded 
as the magnetic charge associated with Abelian Kalb-Ramond field strengths Q. 
The Bogomolny bound equation is 




(10) 



*5 {FAF) = ±DA(t> 



(11) 



where *5 is Hodge dual in five-dimensional space. In components it is given by 








±D^(f)' 



(12) 



Let us define e = x°7a/r. We make a hedgehog ansatz[T^ 



HoU{r) e 
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It follows immediately that 



(13) 



= HoiKUde + U'edr) , 

1- K'^ K' 
F = deAde edr A de . (14) 

Boundary conditions are given by f/(0) = 0, K{0) = 1, f/(oo) = ±1, and K{oo) = 0. 

With the use of *5{de A de A de A de) = 4! edr /r^ and *^{edr A de A de A de) = 3! de/r"^, 
the Bogomolny bound equation (fTT|l (with a plus sign) becomes 

1 ^dK 
dU 1 , 

T = ar , a = —r-riQ I . (15) 
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In this case U increases as r so that U{oo) = 1. A solution in the case —Da4> = *5(-^ A F) 
is obtained by replacing f/ by — f/. We note that the two equations in (fl^j) can be combined 
to yield 

d fl-K^dK\ (1-^2)2 

2 



or equivalently, in terms of s = Inr and /(s) = K\ 



r-^3+ If + 2/(l-/) = . (17) 



/(I-/). 

The equation with the boundary conditions -ft'(O) = 1 and -ft'(oo) = is scale 
invariant, i.e. if K{t) is a solution, so is K{aT) with arbitrary a > 0. However, U{t) 
changes, under this transformation, to a~^f/(ar) in (jl5j) so that the boundary condition 
f/(oo) = 1 is fulfilled only with a unique value for a. 

The behavior of the solution near the origin is given by 

K = l-6r2 + l6V + --- , 

U = 46V(l--6r2 + -6V + 
17 63 
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The value of the parameter b need to be determined such that f/(oo) = 1 is satisfied. The 
behavior of the solution at a space infinity r = oo is given by 



U ~ 1 



1 

3^3 



(19) 



Note that F ~ {Ag)~'^de A de and Da4> ~ H^r^'^edT. 

A solution is obtained numerically. We adopted the shooting method to solve Eq. ()15|1 
from r = to r = oo. Precisely tuning the value of h in (fTHj) . we find a solution with the 
boundary conditions [/(oo) = 1 and K{oo) = 0. It is found that b = 0.494 and Kq = 1.2. 
The solution is displayed in fig. [TJ 




Figure 1: Solution : U{t) and K{t) in (fTT^ . 

The energy, ©, of the solution is given by / TtDa4>F^ in the A — limit. The insertion of 
(jl4p leads, with the aid of the identities Tr edr{deY = (4 ■ A\ / r^)d{volume) and Tr (de)^ = 0, 
to 



E 



d^x 



Ho 4-4! 



lQg2 ^4 



l-K 



2\2 



IGtt^ 



Hn 



dU 
dr 

IGtt^ 



dK , os 
A—UK(1-K^] 
dr 



(20) 



The same result follows from E = {IGtt'^Ho/ g'^)Q as Q = 1. 

As Dirac showed, a monopole configuration in U{1) gauge theory in four dimensions 
necessarily has a Dirac string, or a singular point in gauge potentials on the space infinity 
S"^. Quantization of Dirac strings, or monopole charges, corresponds to nontrivial mapping 
around the singular point, or the hole, on S*^, namely 7ri[f/(l)]. The configuration of a 't 



Hooft-Polyakov monopole in the S0{3) gauge theory is regular everywhere and the monopole 
charge is related to the winding number of the Higgs fields which breaks 5*0(3) to U{1). This 
fact is summarized in the exact sequence in the homotopy group 

Ker {7ri[f/(l)]^7ri[50(3)]}^7r2(52) . (21) 

In our case 5*0(5) gauge symmetry is broken to 5*0(4) by the Higgs fields 0". A monopole 
in 5*0(4) gauge theory in six dimensions accompanies a singularity in gauge potentials on 
the space infinity 5^. Quantization of monopole charges is associated with 7r3[50(4)]. The 
singularity is lifted by embedding 5*0(4) into 5*0(5), and the monopole charge is reduced to 
the winding number 7r4(5*^) of the Higgs fields. The relation is summarized in 

Ker {7r3[50(4)]^7r3[50(5)]}~7r4(5^) . (22) 

Thus we observe that generalized monopoles in 50(5) gauge theory in six dimensions de- 
scribed in the present paper are completely parallel to 't Hooft-Polyakov monopoles in four 
dimensions. 

As another interesting aspect, the generalized monopole solution presented in this paper 
may realize the electric-magnetic duality in the M-theory of strings. The 3-form Kalb- 
Ramond fields C defined in (jH)) couple to 2-branes in 11 dimensions. Dual of the field 
strength dC is the 7-form field strength so that the generalized monopole can be regarded as 
a source to the corresponding 6- form Kalb-Ramond fields, namely a 5-brane in 11 dimensional 
spacetime. A similar argument applies to 2- and 4-branes in ten dimensions. 

In this paper we have shown that there exists a regular, spherically symmetric monopole 
solution in the six-dimensional 50(5) gauge theory with the action quartic in field strengths. 
This is the first example of particle-like solitons in space dimensions bigger than four. The 
energy in the A — > limit is given by the monopole charge associated with the Abelian Kalb- 
Ramond 3-form fields. The connection between 5*0(5) gauge fields and the Kalb-Ramond 
fields is given by the generalized 't Hooft tensors Q and C. The solution is stable. Physical 
consequences of these generalized monopoles are yet to be investigated. They affect the 
evolution of the universe at the very early stage, should there exist extra dimensions. Their 
role for the compactification of extra dimensions and their relation to extended objects in 
the matrix models need to be clarified. Generalization of solutions to multi-monopole states 
is also awaited. We hope to come back to these points in future publications. 
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